Abstract. A study of the set Np of positive integers which occur as orders of nonsingular derivations of finite-dimensional non-nilpotent Lie algebras of characteristic p > 0 was initiated by Shalev and continued by the present author. The main goal of this paper is to show the abundance of elements of Np. Our main result shows that any divisor n of q − 1, where q is a power of p, such that n ≥ (p − 1) 1/p (q − 1) 1−1/(2p) , belongs to Np. This extends its special case for p = 2 which was proved in a previous paper by a different method.
Introduction
Finite-dimensional Lie algebras which admit a nonsingular (that is, injective) derivation play a role in several investigations. Some of those are discussed in the Introduction of [Mat] , of which this paper is a continuation. We briefly recall here only the essential facts relevant to our present study and refer to [Mat] and its predecessor [Mat02] for more details.
According to a classical result of Jacobson [Jac79, p. 54], in characteristic zero only nilpotent Lie algebras can have nonsingular derivations. In positive characteristic, where even certain simple Lie algebras can admit nonsingular derivations, the same argument would be inconclusive, but still imposes a strong restriction of the eigenvalues (assumed in the ground field) of a nonsingular derivation of a non-nilpotent Lie algebra. In particular, if the derivation has finite order n, as is relevant to various studies, this restriction entails an interesting necessary condition on n, noted by Shalev in [Sha99] . The condition was shown to be sufficient as well in [Mat02] . We recall both implications as Theorem 2.1 in the next section.
More generally, in his paper [Sha99] Shalev suggested and initiated a study of the set N p of positive integers which occur as the orders of nonsingular derivations of finitedimensional non-nilpotent Lie algebras of prime characteristic p. Theorem 2.1 translates this problem into one entirely formulated in terms of finite fields. Therefore, no Lie algebra arguments will be found in this paper. It is easy to see that N p is closed with respect to taking multiples, and that a positive integer n belongs to N p if and only if its p ′ -part does. Thus, one may restrict one's attention to numbers in N p which are prime to p. Even after this restriction, rather trivial elements of N p are those of the form p k − 1 for some k ≥ 2, as will be clear from Theorem 2.1. We will conveniently call nontrivial elements of N p those numbers in N p which are prime to p and are not multiples of any p k − 1 with k ≥ 2. Shalev proved in [Sha99] that no nontrivial element of N p is smaller than p 2 . This was extended in [Mat02, Lemma 3.2], to conclude that no nontrivial element of N p is smaller than p 3 , except for (3 3 − 1)/2 = 13 when p = 3. (This exception has an analogue for all odd primes, see the next paragraph.) In fact, we do not know of any nontrivial element of N p which is smaller than p 4 , except for 13 when p = 3.
In the opposite direction, one nontrivial element of N p is (p p − 1)/(p − 1), for odd p, as noted by Shalev in [Sha99, Example 2.6]. For p = 2 many numbers in N 2 were disclosed in [Mat] . Apart from the special series of numbers of the form n = (2 3s − 1)/(2 s − 1), of which the case s = 3 (whence n = 73) was already noted by Shalev in [Sha99], we proved a result guaranteeing that all divisors of q − 1, where q is a power of 2, which are large enough in an appropriate sense belong to N 2 . Explicitly, a sufficient condition for a divisor n of q − 1 to belong to N 2 was found to be that n ≥ (q − 1) 3/4 . However, the arguments used in [Mat] , based on the character theory of a certain group, were limited to the case of the prime 2.
In this paper we extend that result to an arbitrary prime p. We prove in Corollary 2.5 that a divisor n of q − 1, where q is a power of p, belongs to N p provided it satisfies the inequality n ≥ (p − 1) 1/p (q − 1) 1−1/(2p) . This is a simplified form of a more precise but less manageable sufficient condition for a certain system of equations having solutions over the finite field F q . We prove that in Section 3 by means of standard character sum estimates. We sketch a less elementary but shorter proof in Remark 3.3. In Section 2 we deduce our sufficient condition for n ∈ N p and discuss some consequences of it.
2. Large divisors of q − 1 belong to N p As mentioned in the Introduction, N p denotes the set of positive integers n for which there exists finite-dimensional non-nilpotent Lie algebra L, over a field of characteristic p, which admits a nonsingular derivation of order n. We recall from [Mat02, Corollary 2.3] the essential part of a characterization of the elements of N p which are prime to p. Theorem 2.1. A positive integer n prime to p belongs to N p if and only if there exists an element ξ of the algebraic closureF p of F p , such that (ξ + λ) n = 1 for all λ ∈ F p .
For any n prime to p there is a power q of p such that n divides q − 1. Then the condition n ∈ N p is equivalent to the fact that there exists an element ξ of the finite field F q , such that ξ, ξ + 1, . . . , ξ + p − 1 are nonzero dth powers in F q , where d = (q − 1)/n. The following result provides an estimate for the number of such elements ξ, in a more general setting.
Theorem 2.2. Let d be a divisor of q − 1 and let 0 < r ≤ p. Let M be the number of elements ξ of F q such that ξ, ξ + 1, . . . , ξ + r − 1 are nonzero dth powers in F q . Let M 0 be the number of elements ξ of F p such that ξ, ξ + 1, . . . , ξ + r − 1 include 0 and are dth powers in F q . Then
Since 0 ≤ M 0 ≤ r we deduce the bound
which does not involve M 0 . Bounds of this type result from standard calculations with character sums, see [LN83, Exercises 5.65 and 5.66] or [Ste94, . Their simplest application is that, given d and r, for all primes p large enough there exists a sequence of r consecutive integers which are dth power residues modulo p. However, we are unable to quote from the literature a bound which is as sharp as that given in Theorem 2.2 (see the discussion in Remark 3.2), and hence we provide a proof in the next section.
Here we need the special case of Theorem 2.2 where r = p. Then the lower bound for M reads
and M 0 can only be p or 0, according as n is a multiple of p − 1 or not. Then we know that n belongs to N p exactly when M > 0, where d = (q − 1)/n. Thus, a sufficient condition for n ∈ N p is that the right-hand side of inequality (2.1) be strictly positive. After a simple calculation this yields the following result.
Theorem 2.3. Let q be a power of p and let n be a divisor of q − 1.
If n is not a multiple of (p − 1), then the slightly weaker condition
Remark 2.4. For p = 2, where n is, necessarily, a multiple of p−1, the sufficient condition for n ∈ N p given in Theorem 2.3 reads
. This is slightly weaker than the sufficient condition n 4 > (q −n) 3 given in [Mat, Theorem 3.1]. The reason is the following. As will be clear after the next section, especially Remark 3.2, when p = 2 the sufficient condition of Theorem 2.3 ultimately depends on Weil's bound
for the number N of affine points of the Fermat curve y d 2 − y d 1 = 1 over F q . One can see that the proof of [Mat, Theorem 3.1] establishes and then uses a weaker bound than Weil's, with an error term close to
A slightly weaker but more manageable form of the sufficient conditions given in Theorem 2.3 is the following.
Corollary 2.5. Let q be a power of p and let n be a divisor of q − 1 such that
Then n ∈ N p .
Note that the factor (p − 1) 1/p is always less than 1.32 and tends to 1 as p tends to infinity. When p = 2 the condition in Corollary 2.5 reads n ≥ (q − 1) 3/4 , which is only slightly stronger than the condition n 4 > (q − n) 3 of [Mat, Theorem 3.1].
Proof. The former (and stronger) inequality in Theorem 2.3 can be equivalently written as
Temporarily viewing √ q as a real variable, the inequality is satisfied when
except when p − 1 = d = 1. But in that case the conclusion of Corollary 2.5 holds trivially. Consequently, the inequality holds whenever √ q ≥ (p − 1)d p . In particular, it holds whenever q − 1 ≥ (p − 1) 2 d 2p , which is equivalent with the stated hypothesis when written in terms of n = (q − 1)/d.
Remark 2.6. Using the form of the inequality used in the proof of Corollary 2.5, one can easily see that the sufficient condition for n ∈ N p given in Theorem 2.3 is asymptotic to the simpler one given in Corollary 2.5, in the sense that
where n > f (q) is an explicit form of the condition given in the former.
We conclude this section by discussing some consequences of Corollary 2.5.
Corollary 2.7. For every odd prime p and every integer k ≥ 2 + p log 4/ log p, there is at least one proper divisor of p k − 1 which belongs to N p , namely, (p k − 1)/2.
Proof. Setting q = p k and in terms of d = (q − 1)/n, the sufficient condition of Corollary 2.5 becomes p k ≥ (p − 1) 2 d 2p + 1, but the proof of Corollary 2.5 shows that the summand 1 can be discarded. When d = 2, our hypothesis k ≥ 2 + p log 4/ log p is a slightly weaker form of that.
The conclusion of Corollary 2.7 is nontrivial only when k is prime, because in the opposite case p k − 1 has proper divisors of the form p s − 1 with s > 1, which are trivial elements of N p . Therefore, we restrict our attention to prime values of k in the following considerations.
The simplified condition of Corollary 2.7 is notably weaker than the more precise Theorem 2.3 (applied with d = 2) for small primes. For example, Corollary 2.7 says that (3 k − 1)/2 ∈ N 3 for k ≥ 6, while the inequalities in Theorem 2.3 show that this is the case for k = 3, 4, 5 as well. (Incidentally, a computer search has revealed that (3 3 − 1)/2, (3 5 − 1)/2 and (3 7 − 1)/2 are the only nontrivial n ∈ N 3 up to 30000.) Similarly, Corollary 2.7 fails to catch the elements (5 5 − 1)/2, (41 17 − 1)/2, (139 41 − 1)/2, (683 147 − 1)/2 (and possibly more), of the corresponding sets N p , which are detected by Theorem 2.3.
It is also interesting to look at Corollary 2.7, or to the more precise Theorem 2.3, from a different perspective, thinking of k as assigned. The smallest value of k which is of interest here is k = 5. In fact, according to [Mat02, Corollary 3.4], no proper divisor of p 3 − 1 belongs to N p , with the only exception that (3 3 − 1)/2 = 13 ∈ N 3 , which is actually predicted by Theorem 2.3. When k = 5 Theorem 2.3 implies that (p 5 − 1)/2 ∈ N p for p = 3, 5, as mentioned above. (As reported in [Mat02, Example 4.1], direct calculations show that (p 5 − 1)/2 ∈ N p for p = 7, 11 as well, but not for p = 13.) Similarly, Theorem 2.3 implies that (p k − 1)/2 ∈ N p for p = 3, 5, 7 when k = 7.
In general, as k increases, Theorem 2.3 produces various elements of N p of the form (p k −1)/2, which are nontrivial when k is prime. Note that, for a fixed prime k, there can only be finitely many primes p such that (p k − 1)/2 ∈ N p . In fact, a result of Davenport, in [Dav37] , recalled and used at the end of [Mat02] , implies the stronger assertion that no proper divisor of p k − 1 belongs to N p if p is sufficiently large with respect to the prime k.
Even after the results of this paper, the smallest nontrivial element of N p which we know of for a generic prime p is still the number (p p − 1)/(p − 1) noted by Shalev in [Sha99, Example 2.6]. When p is large, Corollary 2.7 does provide us with a number p k −1 smaller than p p −1 having a nontrivial proper divisor in N p . However, that divisor (p k − 1)/2 is still larger than (p p − 1)/(p − 1). In this connection it is worth noting that no divisor of (p k − 1)/(p − 1) for k < p can belong to N p . This was mentioned at the end of Section 3 of [Mat02] and is easily proved by the same type of argument used in the proof of [Mat02, Lemma 3.2].
The number of solutions of a certain system of equations
The following proof of Theorem 2.2 depends on Lemma 3.1, which we postpone for clarity.
Proof of Theorem 2.2. Let N be the number of solutions over F q of the system of equations
An element ξ of F q such that ξ, ξ + 1, . . . , ξ + r − 1 are dth powers in F q corresponds to d r distinct solutions of the system if none of the ξ, ξ + 1, . . . , ξ + r − 1 equals zero, and to d r−1 solutions otherwise. Since altogether these account for all solutions of the system, we have N = d r M + d r−1 M 0 , and the desired inequality follows from the following Lemma 3.1.
Lemma 3.1. Let d be a divisor of q − 1 and let 0 < r ≤ p. Then the number N of solutions over F q of the system of equations
Proof. Let χ be a multiplicative character of F q of (exact) order d. Then all characters of order dividing d are given by the powers χ i , for i = 0, . . . , d − 1. For each j = 1, . . . , r, and for any given ξ ∈ F q , the sum
(reading 0 0 as 1 when it occurs as the argument of χ) equals the number of solutions of y d j = ξ + j − 1. Therefore, the product of all these quantities equals the number of solutions of the system having x = ξ. Consequently, the total number of solutions of system (3.1) is given by
It remains to evaluate or bound the character sum ξ∈Fq χ ξ i 1 (ξ+1) i 2 · · · (ξ+r−1) ir , depending on the rtuple (i 1 , . . . , i r ). The sum takes the value q for the rtuple (0, . . . , 0). This case aside, the polynomial z i 1 (z + 1) i 2 · · · (z + i − 1) ir is never a dth power in
Therefore, Weil's bound for character sums [LN83, Theorem 5.41] applies and yields that
where w(i 1 , . . . , i r ) is the number of distinct roots in F q of the polynomial z i 1 (z + 1) i 2 · · · (z + i − 1) ir . Clearly, w(i 1 , . . . , i r ) equals the number of nonzero entries in the rtuple (i 1 , . . . , i r ). Adding together all character sums corresponding to the rtuples different from (0, . . . , 0), and using the triangle inequality, we obtain that |N − q| does not exceed √ q times the integer obtained by subtracting from (d r − 1)(r − 1) the total number of zero entries appearing in the collection of nonzero rtuples. The total number of those zeroes equals rd r−1 − r, because zero occurs as many times as any other integer 1, . . . , d − 1 in the whole set of rtuples including (0, . . . , 0). We conclude that
This inequality is close to our goal, but can still be improved a little (see Remark 3.2). The number of rtuples (i 1 , . . . , i r ) = (0, . . . , 0) such that i 1 + · · · + i r ≡ 0 (mod d) is d r−1 − 1. Consider any one of them. Then at least one of the entries i j is positive, say i 1 without loss of generality. Since χ(ξ d ) = 1 for ξ ∈ F * q and χ(0) = 0, we have
The polynomial (1 + z) i 2 · · · (1 + (r − 1)z) ir , which provides the argument for χ in the last character sum, has exactly w(i 1 , . . . , i r ) − 1 distinct roots, that is, one less than the polynomial corresponding to the original sum. Therefore, for the character sums under present consideration inequality (3.3) can be strengthened to
It follows that the coefficient of √ q in inequality (3.4) can be decreased by 1 for each of those d r−1 − 1 character sums considered here, provided we increase N − q by a constant term 1 each time. The desired inequality now follows.
Remark 3.2. The estimate for M given in [LN83, Exercise (5.66)] (for a more general question, but that greater generality is inessential) is
and hence has the coefficient of √ q about 1/d larger than the estimate given in Theo- √ q for the numberN of F q -rational projective points of the curve in the projective space P r+1 given by the system (3.1) in affine coordinates. In fact, the only singularity of the curve represented by (3.1) occurs at its point at infinity, which has multiplicity d r−1 . An efficient way to compute the genus g is to consider the nonsingular curve in P r , birationally equivalent to 
